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Abstract. Computing exponential and logarithmic maps on raw geome-
tries is a fundamental yet challenging task in geometry processing, often
hindered by the lack of explicit connectivity and the presence of noise.
We present a novel learning-based framework that computes these maps
efficiently by learning a continuous geometric embedding field directly
from discrete point sets. Our key insight is to construct an embedding
field that encapsulates the intrinsic local geometry governing exponen-
tial and logarithmic maps. Specifically, we encode the input into a high-
dimensional feature volume using a sparse Octree-based CNN. For any
arbitrary query point, we retrieve its corresponding embedding to mod-
ulate two specialized triplane-based neural networks, which then predict
the maps in a single forward pass. By formulating the problem as learning
a query-able latent field, our method bypasses the need for mesh con-
nectivity while ensuring robustness against irregular sampling and noise.
Our results demonstrate that the proposed framework achieves compet-
itive accuracy and runtime over previous methods, while maintaining
robustness on challenging geometric structures.

Keywords: Geometry Processing · Geometric Learning · Neural Fields

1 Introduction

Differential geometry, and in particular Riemannian geometry [5,12] provides the
conceptual and computational foundation for reasoning about curved spaces. It
furnishes the language through which distances, directions, and intrinsic struc-
ture on manifolds are rigorously defined. On smooth and well-behaved manifolds
such as spheres, tori, or SO(3), these geometric objects admit well-understood
analytical expressions. In contrast, the geometric data encountered in modern
graphics or vision rarely conforms to such idealized settings. Instead, surfaces
are typically observed as noisy, discretized samples, or irregular triangulations,
yielding point clouds or meshes that only approximate an underlying manifold,
rendering the classical apparatus of Riemannian geometry unavailable. The chal-
lenge is further amplified by the differentiability requirements of modern machine
learning pipelines.

In this work, we adopt a data-driven perspective toward reconstructing two
key operators of Riemannian geometry directly from geometric observations. Our
focus lies on two fundamental constructs: the exponential map (Exp) and its in-
verse, the logarithmic map (Log). Exp transports vectors from the tangent space
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Fig. 1: Method Overview. We propose a field-based framework for learning intrin-
sic mappings. (a) Our method takes raw point clouds as input, which can be easily
sampled from diverse sources such as SDFs or low-quality meshes, without requiring
manifold connectivity. (b) A backbone network encodes this geometry into a continuous
Geometric Embedding Field, where each point’s embedding captures its local intrinsic
properties. (c) For any query, the local embedding modulates lightweight decoders
(ExpNet/LogNet) to instantly predict Exponential and Logarithmic Maps, enabling ef-
ficient and robust navigation on manifolds.

at a local point along geodesics onto the manifold, while Log performs the inverse
operation, recovering tangent vectors that point toward a given surface location.
Together, these maps establish a correspondence between the Euclidean tangent
space and the intrinsically curved surface, forming the backbone of numerous
geometric algorithms, enabling geodesic interpolation, texture parameterization,
deformation transfer, and statistical analysis of shapes.

Despite their fundamental importance, computing Exp and Log maps on
discrete geometry remains a challenging problem. Classical methods in discrete
differential geometry have achieved remarkable success on well-formed polygonal
meshes, where explicit connectivity allows geodesic information to be propagated
through the mesh structure [9, 44]. Yet these approaches are inherently tied to
mesh topology and degrade when applied to raw geometric data where connec-
tivity is incomplete, unreliable, or entirely absent. Point clouds, triangle soups,
meshes, and implicit surface representations provide only partial information
about the underlying manifold, making the direct application of traditional al-
gorithms difficult. Even reconstructing a clean manifold mesh from such data
can be a challenging problem in its own right.

For implicit surface representations, navigating the manifold typically re-
quires iterative projection [19, 63] or geodesic tracing procedures [15, 27]. While
theoretically principled, these methods can be computationally expensive and
susceptible to numerical instability, particularly in the presence of high curva-
ture or sharp geometric features. Moreover, purely geometric heuristics [52] often
lack the ability to reason about higher-level shape structure. As a result, they
may incorrectly traverse opposing sheets of thin surfaces or fail to bridge gaps
in sparsely sampled or noisy regions.

These challenges motivate the central question of this work: can we learn the
fundamental operators of Riemannian geometry directly from data, enabling ro-
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bust geometric reasoning even when classical assumptions about smoothness and
connectivity no longer hold? In response, we propose a learning-based framework
for computing Exp and Log maps directly from raw geometric observations. Il-
lustrated in Fig. 1, our central idea is to learn a continuous geometric embedding
field (GEF) that captures the intrinsic structure of the underlying manifold and
enables efficient evaluation of these mappings at arbitrary locations.

We are motivated by two key properties of Exp and Log: locality and regu-
larity. At a given point, the behaviour of Exp and Log is primarily determined
by the local geometry. At the same time, the maps vary smoothly across most
regions of the manifold: neighboring points typically induce similar local maps
(except the cut locus). This observation suggests that the operators themselves
form a structured, spatially coherent field over the surface. Building on this in-
sight, our continuous embedding field [24,30,60] encodes the intrinsic geometry
of the entire manifold. Rather than solving a geometric problem independently
for each query, our method performs a one-time geometric analysis of the shape
and stores the resulting structure in this field representation.

Once constructed, at query time, given a source point on the surface, we
first retrieve its corresponding embedding from the geometric field via spatial
interpolation. This embedding acts as a local geometric descriptor that condi-
tions the evaluation of two neural modules: ExpNet and LogNet. Rather than
using fixed network parameters, we employ a dynamic conditioning mechanism
inspired by HyperNetworks [18] and feature-wise modulation techniques such as
FiLM [34]. The retrieved embedding dynamically generates a compact triplane
field representation [17,46] tailored to the current query location.

To evaluate our Exp or Log maps, we query this generated triplane field
using the relative coordinates between the source point and the query point.
The resulting features are then passed through a lightweight decoder to produce
the final result. This design yields a highly efficient evaluation pipeline. The core
operations only consist of simple interpolations and small matrix multiplications,
enabling large batches of queries to be processed in parallel on modern GPUs.

Conceptually, our approach can be interpreted as learning a neural atlas of
local geometric behavior across the manifold. The GEF captures the global dis-
tribution of local geometries, while the dynamically generated triplane fields in-
stantiate the specific mapping rules associated with each source point. Together,
they provide a flexible and scalable mechanism for approximating the exponen-
tial and logarithmic maps on complex, irregular geometric data. To summarize,
our main contributions are:

– We propose a novel framework that learns a continuous geometric embedding
field from discrete point sets to compute Exp and Log maps efficiently.

– We introduce a geometry-aware conditioning mechanism and a series of ge-
ometric regularizations, enabling a single network to adapt to diverse local
geometries without explicit connectivity.

– We demonstrate that our method achieves competitive accuracy and reason-
ably good speed compared to previous methods, while exhibiting strong ro-
bustness on challenging geometric structures.
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We make our implementation publicly available under:
https://circle-group.github.io/research/LearningRiemannianGeometry.

2 Related Work

We review relevant literature in differential geometry for 3D shapes, neural shape
representations, and the emerging field of learning geometric operators.

2.1 Differential Geometry of 3D Shapes

Geodesic Distance Computation. Finding the shortest path on discrete
meshes is a classical problem in geometry processing. Early exact methods, such
as the MMP algorithm [29] and its variants [50,62], provide exact geodesic paths
by propagating wavefronts across mesh edges. However, these exact methods
typically suffer from high computational complexity and are difficult to par-
allelize. To improve efficiency, heat-flow based methods were introduced. The
Heat Method [8, 9] solves a linear Poisson system to approximate geodesic dis-
tances based on short-time heat diffusion. Subsequent works have extended this
to broader domains, including point clouds [42] and non-manifold geometry [43].
GeGnn [31] and the work by Huberman et al. [21] might be the most similar
works to our method. They also precompute a field, which is then used to predict
certain geometry-related quantities.
Exponential and Logarithmic Maps. The exponential map projects tan-
gent vectors onto the surface along geodesics, while the logarithmic map per-
forms the inverse [39, 48]. The Vector Heat Method [44] and the recent Affine
Heat Method [49] extend the heat diffusion framework to parallel transport vec-
tors and compute logarithmic maps efficiently. Lichtenstein et al. [26] solves
the Eikonal equation, which potentially enables the geodesic-related operations.
Such methods usually require a triangular mesh with good triangle quality to
ensure the accuracy of the computed maps. Madan et al. [27] enables logarithm
map on implicit surfaces by tracing geodesic paths. Genest et al. [15] propose
to compute logarithm map via approximated geodesic distance. These methods
tend to rely on explicit tracing of geodesic paths, which is not always possible
or efficient. Also, some methods [26, 45, 49] have to solve an equation for the
entire shape, and cannot just give evaluations in local regions. Concurrent to
our work, [52] proposed differentiable straightest geodesic algorithms, to enable
learning over 3D meshes. Yet, these algorithms are not data driven and cannot
be used on noisy point scans.

2.2 Neural Shape Learning and Geometric Operators

We now review deep learning on unstructured data representations, which has
revolutionized 3D geometry processing.
Neural Shape Representations. Point-based methods [25, 35, 36, 57] process
raw point clouds directly but often lack the connectivity information required

https://circle-group.github.io/research/LearningRiemannianGeometry
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for intrinsic geometric analysis. Implicit representations, such as Signed Dis-
tance Functions (SDFs) and Occupancy Fields [6, 28, 32, 33], excel at represent-
ing continuous geometry and handling topology changes. Recent works have
further improved these representations with periodic activation functions [47],
surface smoothness regularization [1,2,16], or hybrid structures like Octree-based
CNNs [37,53,54] and Triplanes [17,46].
Learning Geometric Operators. Apart from shape understanding and re-
construction, recent research has begun to explore learning intrinsic geomet-
ric operators directly from data. DiffusionNet [41] learns discretization-agnostic
diffusion features for discriminative tasks, via a simulated heat diffusion pro-
cess. For geodesic computation, GeodesicEmbedding [61], GeGnn [31], and Neu-
roGF [64] learn high-dimensional embeddings or neural fields to approximate
geodesic distances. Recent advances extend this to solving PDEs on neural rep-
resentations [59] or generating UV-free textures via geodesic heat diffusion [14].
However, currently, few works address the explicit learning of the vector-valued
Exponential and Logarithmic maps.

3 Geometric Embedding and Hyper-Modulation

Our goal is to learn neural approximations for the Exp and Log maps on Rie-
mannian manifolds in 3D. Our pipeline consists of two components: (1) a back-
bone network that converts input into a continuous feature field; and (2) a pair
of lightweight, hyper-modulated decoder networks, ExpNetand LogNet, that
perform the mappings, dynamically conditioned on the local geometric context.
Problem Formulation. Let M ⊂ R3 be a 2-manifold surface embedded in
3D Euclidean space. For any source point p ∈ M, let TpM denote the tangent
plane at p. The Exponential Map, Expp : TpM → M, maps a tangent vector
v ∈ TpM to a point q ∈ M such that q is reached by traveling along the geodesic
path starting at p with initial direction of v. Conversely, the Logarithmic Map,
Logp : M → TpM, is the inverse operation, mapping a point q ∈ M back to the
tangent vector v ∈ TpM. While Expp is locally diffeomorphic around the origin,
it is not globally injective due to the cut locus. Logp is well-defined only within
the injectivity radius. Given a discrete input geometry (e.g., a point cloud P) and
a source point p, our aim is to learn two continuous and differentiable functions,
ExpNet and LogNet, that predict the Exp and Log maps, respectively.

3.1 Geometric Embedding Field
A key challenge in 3D learning is the diversity of data representations. Our
method only requires a set of coarse boundary points, which can be easily ob-
tained from SDFs, occupancy fields, point clouds, triangle soups, or Functa [13].
Backbone Network and Feature Field. We employ an octree-based con-
volutional neural network (OCNN) with a 3D U-Net architecture as our back-
bone [38,54]. The network consists of an encoder that progressively downsamples
the sparse octree features, followed by a decoder with skip connections that re-
stores spatial resolution. This design allows the backbone to effectively aggregate
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Fig. 2: Hyper-Modulation Mechanism. To decode the mapping at a specific point
p, we first retrieve its geometric embedding zp. The embedding, after a matrix mul-
tiplication, synthesizes a local triplane feature field, which is then queried by relative
coordinates. The retrieved features are decoded by a tiny MLP to output the exp or log
map result. This design ensures that the mapping function is dynamically adapted to
the local geometry while maintaining translation invariance and high inference speed.

both global shape context and local geometric details. The final output is a con-
tinuous volumetric feature field, from which we can retrieve the local geometric
embedding zp for any arbitrary source point p via trilinear interpolation. Since
the OCNN operates purely on relative spatial structures and is fully convolu-
tional, the resulting embedding field is inherently translation-invariant.

3.2 Hyper-Modulated Triplane Representations
As discussed before, while the global geometry of M varies, the properties of
exponential and logarithmic maps are governed by local geometric shape. Thus,
a local geometric embedding zp is actually sufficient to capture the behavior
of the map at p. To this end, we propose a hyper-modulation mechanism that
dynamically adapts the networks to the local geometry at p.

For a specific query consisting of a source point p and an input, either a 3D
tangent vector v or a 3D manifold point q, our pipeline proceeds as follows.
1. Dynamic Triplane Generation: Following FiLM [34], the retrieved em-

bedding zp is used to generate the parameters of triplane representations for
ExpNet and LogNet, respectively. Specifically, a linear layer maps zp to a
feature volume that is reshaped into three orthogonal planes, XY, XZ, YZ.
Each plane captures the local geometric characteristics at p.

2. Field-Based Sampling: For a query coordinate x, we sample features from
the generated triplane via bilinear interpolation on the three planes. By using
relative coordinates and a fully convolutional backbone, our entire mapping
process remains translation-invariant.

3. Lightweight Decoding: The sampled triplane features are concatenated
together and passed through a tiny MLP decoder (ExpNet or LogNet).
Crucially, our ExpNet and LogNet operate directly in the ambient 3D coor-

dinate system using relative coordinates, rather than relying on local 2D tangent
charts. This design choice is deliberate: defining a local 2D basis on a tangent
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plane is inherently ambiguous (up to a rotation), which can confuse the net-
work and hinder convergence. By processing 3D coordinates directly, we bypass
this ambiguity, ensuring that our network learns a consistent and robust map-
ping function across the entire manifold. This process is very lightweight. In our
implementation, it involves only approximately 5 matrix multiplications and 3
linear interpolations per query, and is highly parallelizable.

3.3 Training

We now describe our data preparation and filtering, followed by loss functions.
Synthesizing Training Data. Training a robust neural embedding field re-
quires high-quality geometric data that is manifold, watertight, and exhibits rich
local geometric variations. Standard datasets like ShapeNet [7], Thing10K [66]
or Objaverse [10, 11] often fail to meet these criteria. For example, ShapeNet
is dominated by planar structures, e.g., tables, cabinets, introducing a strong
inductive bias that limits the network’s generalization to curved surfaces.

Fig. 3: Visualization of the cut locus on a
Stanford Bunny, where the non-injectivity
of the exponential map arises from inter-
secting geodesics. Our data filtering strat-
egy avoids such cases affecting the training
of LogNet.

To address this, we construct a
custom synthetic dataset using a gen-
erative pipeline. We first select a
subset of ShapeNet models and ren-
der them into 2D images. These im-
ages are fed into a large multimodal
model, Google Gemini 3 Flash [51],
to generate descriptive text prompts.
Using these prompts, we employ
Flux Dev [23] to synthesize diverse
2D images, which are then lifted
to 3D geometries using Hunyuan3D
2.0 [65]. Then, we follow the process-
ing method from GeGnn [31] to en-
sure mesh quality. Since our method
learns local geometric rules rather
than global shape, we use a compact training set of approximately 1,500 shapes.

After that, we use the open-sourced library potpourri3D to generate the
ground truth. Specifically, for each mesh, we randomly sample M source points,
and for each source point p, we generate N vectors on the tangent plane at p.
We then use the library to compute the exponential map at p for each vector.
For the logarithm map, we simply use the inverse of the exponential map.
Filtering Training Samples. A theoretical challenge in learning differential
geometric operators is that they are not globally bijective. The exponential map
is locally surjective but not injective, that is, multiple tangent vectors can map
to the same point due to periodicity or cut locus, and the logarithm map is
well-defined only if the cut locus is not reached, as illustrated in Fig. 3.

Training a neural network on raw, unfiltered data often involves processing
a large number of redundant or ambiguous samples. This not only increases the
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computational burden but also slows down convergence. To address this and
improve efficiency, we filter our training data. Specifically, if a target point on
the manifold corresponds to multiple distinct vectors in the tangent plane (due
to geodesics wrapping around), we treat it as being on or beyond the cut locus,
and therefore not valid for training . We refer to our supplementary materials for
the specifics of the data filtering process. By focusing on valid, bijective regions,
the network can learn the operators more efficiently, avoiding the overhead of
processing ambiguous or non-informative regions.
Loss Functions. We train our network via a multi-objective loss function, com-
posed of reconstruction terms, geometric regularization, and cycle consistency
constraints, in order to learn accurate exponential and logarithmic maps while
preserving the intrinsic geometric properties of the two maps.

Ltotal = λrec (LExp + LLog)︸ ︷︷ ︸
Reconstruction loss Lrec

+λgeo (Liso + Lconf)︸ ︷︷ ︸
Geometric loss Lgeo

+λcycLcycle (1)

where λrec = 1.0, λgeo = 0.01, and λcyc = 0.01.
1. Reconstruction Loss Lrec: The primary supervision comes from the L1

distance between the predicted maps and the ground truth generated on
high-quality meshes. For the Exp, we minimize the error in the 3D embedding
space, while for the Log, we minimize the error in the tangent space:

LExp = ∥q̂ − qgt∥1 LLog = ∥v̂ − vgt∥1. (2)

We observe that incorporating ground truth supervision is crucial for stabiliz-
ing the early stages of training. Relying solely on self-supervised constraints
often leads to trivial solutions or mode collapse.

2. Geometric Losses Lgeo: Inspired by the optimizing objectives proposed
by [27, 48], to enforce that the learned maps have good intrinsically geomet-
ric properties, we impose regularization on the Jacobian of the neural fields.
Ideally, both maps should be locally isometric (distance-preserving) and con-
formal (angle-preserving). As our pipeline is fully differentiable, the Jacobian
matrix J of the maps can be obtained via auto-differentiation. Since both
mappings operate in 3D space (R3 → R3), the Jacobian J is a 3× 3 matrix.
We compute M = JTJ and define two regularization terms using a robust
L1 loss: (i) Isometric Loss Liso, where we encourage the diagonal elements
of M , squared norms of basis vectors, to be close to 1, and (ii) Conformal
Loss Lconf , where we penalize the off-diagonal elements of M to ensure that
orthogonal vectors remain orthogonal after mapping:

Liso =
∑
i

|Mii − 1| Lconf =
∑
i̸=j

|Mij |. (3)

These losses are applied to both ExpNet and LogNet predictions.
3. Cycle Consistency Loss Lcycle: Finally, to enforce the duality between the

forward and backward maps, we introduce a self-supervised cycle consistency
constraint. Let g(·; zp) denote the ExpNet and h(·; zp) denote the LogNet.
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Mapping a vector v to the manifold via ExpMap and then back to the tangent
space via LogMap should recover the original vector:

Lcycle = ∥h(g(v; zp); zp)− v∥1 (4)

This regularizer enables the two networks to mutually correct each other.
Overall, the reconstruction loss dominates the optimization, while the ge-

ometric and cycle consistency losses serve as auxiliary regularizers to ensure
smoothness and topological correctness.

3.4 Stitching Log Maps via Weighted Rigid Alignment

Fig. 4: Example of large-scale log map
stitching on a bottle. Local charts from mul-
tiple source points (green dots) are aligned
and blended to form a continuous parame-
terization over a significant portion of the
manifold.

To parameterize a larger region of the
surface M, similar to [15], we propose
a method that stitches together mul-
tiple overlapping local log maps. Our
approach relies on a greedy propaga-
tion strategy combined with robust
weighted rigid alignment. Specifically,
we first perform a breadth-first search
to cover the surface with overlapping
patches. For a new patch k centered at
xk that overlaps with the already vis-
ited region Rvisited, we compute the
optimal 2D rigid transformation that
aligns the local coordinates of patch
k with the current global coordinates
in the overlapping area. Once aligned, the global coordinates of vertices in the
new patch are updated using a weighted blending scheme.This blending process
effectively suppresses discontinuities and noise in the transition regions. Please
refer to our supplementary material for detailed algorithms and implementation.

4 Experiments

We conduct a series of experiments across different 3D shapes, including quan-
titative and qualitative evaluations to ensure a comprehensive assessment. De-
tailed explanations of our experiments can be found in the supplementary.
Experimental Setup. For controlled, synthetic evaluations, we use the ShapeNet [7]
dataset. We randomly select 1,000 samples across 18 categories. ShapeNet meshes
are usually non-manifold and of bad topology. To allow for calculating the ground
truth, we first convert them into watertight manifolds following [56], and sub-
sequently, we apply isotropic explicit remeshing [3, 20] to regularize the mesh
connectivity. On each shape, we randomly sample 10 points as the source points
and evaluate the Exp and Log maps on them. We trained the model for 400
epochs using the AdamW optimizer [22] with a learning rate of 10−3 and weight
decay of 10−4. Both of them are default settings of PyTorch. The training pro-
cess takes approximately 8 hours on four NVIDIA RTX 4090 GPUs. All input



10 Pang et al.

geometries are normalized to the range [−1, 1]. To test the generalization of
our method, we also conduct evaluations on non-rigid shapes of DFAUST [4]
and highly noisy scans of real-world objects of Kinect-v2 [55], using the same
checkpoint from the above-mentioned training, without further fine-tuning.
Metrics. To evaluate our performance, following the idea of [48], we employ
two primary metrics for Log map, and one for Exp map. Please note that most
metrics are impossible to reach 0 on any non-developable surface.
– Mean Angular Error: This metric evaluates the conformality of the Log

from the 3D surface to the tangent plane. We compute the angular distortion
on valid triangles. For each valid triangle Tk, we calculate its three internal
angles in both 3D space, θ3D, and in tangent space after the Log, θtan. The
distortion for an angle is the absolute difference ∆θ = |θ3D − θtan|. The final
metric is the average angular error across all angles of all Nvalid valid triangles:

Eθ =
1

3Nvalid

Nvalid∑
k=1

(∆θA,k +∆θB,k +∆θC,k) (5)

A lower value indicates better angular preservation.
– Mean Distance Distortion (EMDD): This metric measures the isometric

quality, i.e., the discrepancy between the distances before and after the log
map. Similar to the angular distortion, we consider only valid edges that satisfy
the filtering criteria. For each valid edge e, we compute the relative distortion
as δe = | L3D

Ltan
− 1|, where L3D is the edge length on the 3D mesh and Ltan

is the corresponding length in the tangent plane after the log map. The final
metric is the average of these relative distortions over all valid edges.

– Exponential Map Error: The exponential map maps a tangent vector v
to a point q on the 3D surface. We generate a set of query vectors V =
{v1, . . . , vM} on the tangent plane. Let QGT = {q1, . . . , qM} be the ground
truth endpoints obtained via geodesic tracing, and QPred = {p1, . . . , pM} be
the network predictions. We measure the average Euclidean error in 3D space:

EExp =
1

M

M∑
j=1

∥qj − pj∥2 (6)

This metric directly evaluates how close our prediction is to the ground truth.
A lower value indicates better accuracy.

4.1 Quantitative Evaluation

In this section, we report the quantitative results of our method on the testing
set. We compare our approach with a few baselines. For the log map, we consider
two baselines. First, Heat Method [44] which solves the heat diffusion equation to
recover geodesic information is used as the primary baseline. And we set another
simple baseline that assumes local flatness by directly projecting the difference
vector onto the tangent plane. For the Exponential Map, we compare against
a heuristic walking method that iteratively projects steps onto the manifold to
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Table 1: Quantitative evaluation of Logarithmic and Exponential maps on the test
sets. For Log, we report the Mean Distance Distortion (EMDD) and the Mean Angular
Error (Eθ) in degrees. We report the Average Euclidean Error, and we also report the
average runtime per query Time in seconds, for both methods. Across both operators,
our method achieves the best balance between accuracy and efficiency, outperforming
baselines, especially on challenging inputs.

Category N #Verts Logarithmic Map Exponential Map

EMDD ↓ Eθ ↓ Time↓ EExp ↓ Time↓

ShapeNet 1000 16.6k
Heat 0.250 16.7 0.178 Tracing 0.036 0.396
Proj. 0.115 14.6 0.001 Proj. 0.049 0.003
Ours 0.110 11.1 0.012 Ours 0.026 0.019

RawShapeNet 200 10.0k
Heat 0.314 21.3 0.101 Tracing 0.050 0.374
Proj. 0.166 17.1 0.001 Proj. 0.048 0.003
Ours 0.169 15.4 0.013 Ours 0.036 0.020

Non-uniform 200 15.0k
Heat 0.339 22.4 0.051 Tracing 0.043 0.415
Proj. 0.155 16.3 0.0005 Proj. 0.047 0.003
Ours 0.152 14.0 0.011 Ours 0.030 0.019

Noisy 200 16.6k
Heat 0.326 21.1 0.101 Tracing 0.060 0.374
Proj. 0.203 19.4 0.001 Proj. 0.055 0.003
Ours 0.202 17.8 0.013 Ours 0.038 0.020

simulate geodesic tracing, and a simple linear projection baseline that naively
extends the tangent vector in 3D Euclidean space and snaps to the surface via a
projection. Detailed implementation descriptions of these baselines are provided
in the supplementary material. The results are shown in Tab. 1.

Another thing to notice is our speed. Similar to GeGnn, our backbone net-
work only requires a single forward pass to compute the embeddings, which on
average takes less than 0.5 second for an input point cloud with 15k vertices
with a batch size of 8 on a NVIDIA RTX 3090 GPU. Then, the ExpNet and
LogNet predict the target coordinate in O(1) time after the initial embedding
computation. As discussed in Sec. 3.2, an inference only includes less than 10
matrix multiplications or linear interpolations. The results reported above verify
the efficiency of our method. Note that for fairness, all time measurements are
on an Apple M4 Max CPU, without using any parallelism of GPU.

Raw ShapeNet Geometry. To evaluate the capability of our method in han-
dling low-quality and unstructured data, we construct a test set based on raw,
unprocessed ShapeNet meshes [7]. These models usually have poor geometric
quality, often riddled with self-intersections, non-manifold edges, and discon-
nected components, essentially resembling a “triangle soup”. Such defects make
mesh-based algorithms hardly usable. We generate input point clouds by sam-
pling points directly from these raw surfaces using Poisson Disk Sampling [58].
We then feed these point clouds into our network and baseline methods to com-



12 Pang et al.

Table 2: Results on DFAUST and Kinect-v2. Lower is better for all metrics.

Log map

Method DFAUST Kinect-v2
EMDD ↓ Eθ ↓ EMDD ↓ Eθ ↓

Heat 0.23 25.47 0.12 8.45
Proj. 0.17 19.04 0.11 9.29
Ours 0.17 16.51 0.11 8.37

Exp map (EExp ↓)

Method DFAUST Kinect-v2

Tracing 0.033 0.063
Proj. 0.071 0.064
Ours 0.043 0.060

pute the exponential and logarithmic maps. This experiment directly tests the
"in-the-wild" applicability of our approach. See Tab. 1 for results.

Robustness Analysis. We challenge our method with two types of data im-
perfections common in real-world scenarios: non-uniform sampling and noise.

– Non-uniform Sampling: We synthesize point clouds with spatially varying
densities, where some regions are densely populated while others are sparse.
This tests whether our learned embedding field can maintain consistent ge-
ometric understanding despite irregular discretization.

– Noisy Inputs: We introduce random uniform noise to the input point co-
ordinates. Specifically, for each point, we add a displacement vector with a
magnitude uniformly sampled from [0, 0.015]. This tests the resilience of our
method against sensor noise and reconstruction artifacts.

The results of robustness analysis are at the bottom half of Tab. 1.

Noisy Scans and Generalization. We additionally provide evaluations on
non-rigid shapes of DFAUST [4] and highly noisy scans of real-world objects
of Kinect-v2 [55], as in Tab. 2. These experiments use the same checkpoint as
in previous sections, without any retraining or fine-tuning. The results suggest
that our data-driven method is stable even for unseen shapes, open boundaries,
missing holes, and in-the-wild scans.

Ablation Study. To evaluate the key components of our method, we conduct an
ablation study to evaluate their individual contributions. In Tab. 3, we demon-
strate the experiment results on 100 ShapeNet models of three variants of our
model. The “No Filtering” variant does not apply data filtering described in
Sec. 3.3, while the “Simple Loss” variant uses only the supervised loss function
described in Eq. (2). The results show that such variant suffers from a notice-
able performance drop, highlighting the importance of our geometric priors for
learning accurate mappings. While the “No Filtering” variant achieves accuracy
comparable to our proposed method, it incurs a much higher computational bur-
den. By removing redundant and ambiguous training samples (approx. 29.6%),
our filtering strategy significantly reduces the training cost without compro-
mising geometric accuracy. This demonstrates that our data filtering strategy
effectively streamlines the learning process. Please refer to our supplementary
material for more results.
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Table 3: Ablation study on different variants of our method. Note that the “No Fil-
tering” variant consumes significantly more computational resources due to redundant
training samples.

Variant EMDD (Log) Eθ (Log) EExp (Exp) Rel. Cost ↓

No Filtering 0.112 11.3 0.027 1.42×
Simple Loss 0.162 11.5 0.025 1.00×
Full 0.112 11.2 0.028 1.00×

4.2 Qualitative Evaluation

Synthetic Benchmarks. We now present qualitative results on a variety of
shapes, as shown in Fig. 5 and Fig. 6. An interesting observation is that our
method is able to handle thin structures much more accurately than previous
methods. Thin structures pose a challenge for traditional methods due to “leak-
age” across boundaries. Most previous methods cannot distinguish between the
upper and lower surfaces of a thin structure, leading to relatively inaccurate
results. In contrast, our method leverages the geometric priors encoded by the
backbone network, and accurately recovers the underlying manifold topology.
Our network correctly learns that the path must wrap around the edge of the
thin plate. As visualized in the first row of Fig. 5, heat methods fail to distinguish
between the upper and lower surfaces.

(a) Ours (b) Ge-GNN

(a) Simple Baseline (b) Ours

Fig. 8: The simple projection baseline
causes severe distortion if the normal of
the underlying surface changes dramati-
cally, while our method remains coherent.

Real-World Noisy Scans To vali-
date our model’s robustness on noisy
or incomplete geometries, we visual-
ize the results of different methods
on Kinect-v2 dataset [55], as shown
in Fig. 7. Kinect-v2 contains real-
world scanned point clouds that are
often noisy, incomplete, and geomet-
rically irregular. Despite these chal-
lenges, our method produces more co-
herent and visually pleasing checker-
board patterns, while other methods
exhibit stronger distortions and dis-
continuities, especially near bound-
aries and holes.

Where does the Baseline Fail? The simple projection baselines for both Exp
and Log maps rely on a linear projection. While fast, their accuracies degrade
severely when the normal vector changes drastically, as shown in Fig. 8. This
behavior is expected, since projection only performs a local linear mapping and
does not model the underlying surface geometry beyond the tangent space. As
a result, regions with sharp changes in surface orientation can introduce strong
stretching and distortion.
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Fig. 5: Qualitative comparison of logarithmic map on point clouds. From left to right:
input point cloud, heat method result, simple projection result, our method result, and
reference ground truth. Our method faithfully recovers the intrinsic UV coordinates
on complex shapes where baselines struggle. Meshes are visualized only for clarity; all
inputs are raw point clouds.

a) b)

c) d)

a) b)

c) d)

Fig. 6: Exponential Map visualization. We show results for two source points (red
dots) located on the ear and neck. For each example, we visualize: (a) the heuristic
method result, (b) our result, (c) the tangent plane, and (d) the error visualization
(blue: prediction, green: ground truth).
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Heat Ours Projecting

Fig. 7: Qualitative comparison of logarithmic maps on Kinect-v2 scans. Our method
yields more coherent patterns with fewer distortions (highlighted boxes). Meshes are
visualized only for clarity; all inputs are raw point clouds.

5 Conclusion
In this paper, we presented a novel learning-based framework and regulariza-
tion loss functions for computing exponential and logarithmic maps on 3D sur-
faces. By encoding geometry into a continuous embedding field and employing a
geometry-aware triplane modulation mechanism, our method effectively decou-
ples geometric inference from explicit mesh connectivity. This allows for robust
and efficient computation of intrinsic mappings on raw point clouds and unstruc-
tured data. Our method demonstrates good accuracy, speed, and robustness in
various experiments.
Limitations and Future Work. Our model currently relies on training data
generated by classical numerical methods, meaning its accuracy is inherently
bounded by the supervision signal. Moreover, Octree and triplane resolution may
smooth out fine-scale details. Finally, while our method efficiently computes local
mappings, extending them to large-scale parameterizations currently requires a
separate stitching algorithm in Sec. 3.4, which may not be the optimal end-to-end
solution. Future work could explore geometry-informed unsupervised learning to
bypass data dependencies and integrate a global consistency directly into the
learning framework.
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Appendix

This supplementary document provides additional details that are not included
in the main paper due to space constraints.

A Input Representation for Exponential Map

In classical differential geometry, the exponential map is defined on the tangent
plane, so its input is naturally a 2D tangent vector. In our implementation,
however, ExpNet receives a 3D vector in ambient space. This is not a different
mathematical object; it is only a different coordinate representation of the same
tangent direction.

The conversion is straightforward. For each source point p, we first build a
local tangent frame with two orthonormal basis vectors on TpM. A 2D tangent
vector can then be embedded into 3D by taking its linear combination under
this local basis. Conversely, a 3D vector constrained to the tangent plane can be
projected back to 2D coordinates under the same frame.

We adopt the 3D representation mainly for robustness in learning. A purely
2D parameterization requires choosing a local chart orientation, and that choice
is not unique: different but equally valid basis orientations can produce different
coordinate values for the same geometric direction. This introduces unnecessary
coordinate inconsistency across training samples. By using tangent-aligned 3D
relative vectors, we reduce this basis-selection ambiguity and make the network
behavior more stable in practice.

Therefore, our formulation remains geometrically equivalent to the standard
2D exponential-map definition. The difference is only the coordinate system used
for network input, not the underlying map itself, and it can be easily eliminated
by projection back to 2D after network inference. For the sake of convenience,
these two representations might be used interchangeably in this paper.

B Network Architecture and Training Details

Hypernetwork Configuration Our method employs a two-stage framework: a
backbone network for context encoding and a pair of hyper-modulated decoders
for exp map and log map. The backbone extracts conditional features at arbitrary
position in the 3D space. Such features then drive two structurally isomorphic
modulated networks:

– ExpNet Branch: Maps tangent vectors to surface positions.
– LogNet Branch: Maps surface positions to tangent vectors.

Both branches share the same architecture capacity but learn distinct semantic
tasks. They utilize a tri-plane modulation mechanism where the condition em-
bedding generates three orthogonal 2D feature planes. The query coordinates are
projected onto these planes, and features are retrieved via bilinear interpolation
and concatenated for the final lightweight MLP decoding.
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Specifically, the architecture consists of three orthogonal feature planes (xy,
xz, yz), each with a resolution of 16 × 16 and a feature dimension of C = 8.
A linear generator maps the input condition embedding to the plane features
(totaling 3 × 16 × 16 × 8 parameters). During inference, we query the triplane
features via bilinear interpolation and concatenate them with the raw input
coordinates. This aggregated feature vector is then processed by a lightweight
MLP decoder with 3 layers and 256 hidden units to predict the target output.

Backbone Architecture (O-CNN) We use an Octree-based U-Net as the
backbone to extract multi-scale geometric features. The architecture follows a
standard encoder-decoder design with skip connections:
– Encoder: Consists of 4 stages with channel dimensions [64, 64, 64, 128]. Each

stage includes multiple residual blocks (specifically [2, 3, 3] blocks respec-
tively) to progressively extract semantic features.

– Decoder: Mirrors the encoder with channel dimensions [128, 128, 128, 128]
and residual blocks [2, 2, 2]. Skip connections fuse features from the encoder
to preserve local geometric details.

– Header: A final projection layer maps the decoded features to a 256-dimensional
embedding space, which serves as the condition for the modulation networks.

The input to the backbone is the octree representation of the shape, and the
output is a continuous embedding field that can be queried at any vertex location.
We train our model using the AdamW optimizer with a base learning rate of
1 × 10−3. We employ a linear learning rate decay that decays the learning rate
to 0 by the end of training. In every iteration during training, we sample 10, 000
query points per mesh.

C Extension to Other 3D Representations

Although our main experiments focus on point clouds, our method is agnostic
to the underlying 3D representation, provided that a surface can be sampled.
The core idea is to leverage an intermediate point cloud representation, which
can be generated easily from any 3D implicit representation.

As shown in 9, for a given 3D implicit representation, we can use sphere
tracking, or gradient-free bisection, to extract a high-fidelity point cloud. For
SDF, to sample surface points, we initialize random queries x0 in the bounding
box and iteratively project them onto the zero-level set using the signed distance
gradients:

xk+1 = xk − fθ(xk) ·
∇xfθ(xk)

∥∇xfθ(xk)∥2
(7)

This process, typically converging within 5 iterations, yields a dense point cloud
Psdf that lies precisely on the implicit surface. For binary Occupancy Grids, we
employ a bisection-based sampling strategy. We sample pairs of points (pin, pout)
and identify edges that cross the surface boundary (where gϕ(pin) ·gϕ(pout) < 0).
We then perform a bisection search along the ray connecting these pairs to find
the exact zero-crossing point psurf where gϕ(psurf ) ≈ 0.
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Point Cloud IntermediateSigned Distance Function

Signed Distance Function Point Cloud Intermediate

Fig. 9: Unified Pipeline for Various 3D Representations. Whether starting from
a signed distance function or an occupancy grid, we first extract an intermediate point
cloud (which may be inaccurate, or not uniform). This intermediate representation is
directly compatible with our learning pipeline, and can be directly fed into our network.

D Detailed Baseline Implementations

We primarily compare our method against the state-of-the-art heat diffusion
methods and purely heuristic geometric methods. In this section, we provide
detailed implementations of these baselines. In all our experiments, we assume
the input point cloud having no normal information. For every algorithm, When
normal is needed, we estimate the local normal using PCA over neighboring
points. We only use the ground truth normals in evaluations.

Please note that algorithms designed solely for computing geodesic distances
cannot be directly repurposed as baselines for the exponential or logarithmic
maps. While these methods efficiently compute the scalar distance field d, they
do not inherently provide the direction information required for the two maps.
Recovering the gradient ∇d from a discrete distance field to approximate the
log map is often numerically unstable and sensitive to triangulation quality.
Therefore, we do not compare our method with those methods.
Heat Method. The Heat Method approximates geodesic distances and recovers
the logarithmic map by solving the heat diffusion equation on the manifold.
We utilize the potpourri3d [40] library for efficient inference on both manifold
meshes and point clouds. For meshes, we use the MeshVectorHeatSolver, and for
point clouds, we use the PointCloudHeatSolver which relies on a k-NN implicit
neighborhood graph. The results on manifold meshes are used as ground truth
for error evaluation, while the results on point clouds are used as a baseline of
performance comparison.
Linear Projection (Log Map Baseline). This baseline tests the performance
of simple linear tangent space dimensionality reduction when ignoring complex
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surface curvature. First, for point cloud inputs, we estimate the local normal
Ni for each point Vi using PCA on its nearest neighbors. Given a source point
Vs and its normal Ns, we then construct an orthogonal basis u, v ∈ R3 for the
tangent plane. For any point Vi ∈ R3, we compute the relative vector ∆V =
Vi − Vs and project this vector onto the tangent basis to obtain 2D coordinates:
xi = ∆V · u, yi = ∆V · v.
Heuristic Walking. This iterative method simulates geodesic walking to ap-
proximate the exponential map. We first estimate a dynamic step size based on
the local point density (e.g., 0.5 times the average edge length). In each step,
we move along the current direction vector, finding the nearest neighbor on the
manifold. We then re-estimate the local normal and tangent plane using PCA,
and project the current position onto the new tangent plane to correct for drift.
Finally, we update the direction vector by removing the component parallel to
the new normal to ensure the walk remains tangent to the surface.
Linear Projection (Exp Map Baseline). This is a single-step projection
method serving as a simplified exponential map. Given a tangent vector vtan
at source Psrc, we compute a candidate point in 3D Euclidean space: Pest =
Psrc + vtan. We then use a K-D Tree to find the nearest point on the manifold
to Pest and snap the result to the surface.

E Specifics of the Data Filtering

To ensure high-quality supervision, we implement a data filtering mechanism
that removes ambiguous samples, particularly those near the cut locus where
the exponential map is discontinuous or multi-valued in the inverse direction.
Our filtering strategy is based on checking the local consistency of the mapping
between the surface manifold and the tangent space.

Intuitively, if two samples are close in the tangent space, they should also
remain close on the 3D surface; when this assumption is violated, the pair usually
lies near cut-locus regions, and should not be used for training. Specifically, given
a set of surface points P = {pi} ⊂ R3 (denoted as pos in our code) and their
corresponding tangent vectors V = {vi} ⊂ R3 (denoted as vec), the filtering
process proceeds as follows:

1. Neighborhood Search in Surface Space: For each point pi, we identify
its k-nearest neighbors N (pi) based on the Euclidean distance in the surface
space P . We typically set k = 5.

2. Consistency Check in Tangent Space: We then examine the correspond-
ing tangent vectors {vj | pj ∈ N (pi)}. We compute the pairwise distances
in the tangent space between the central point’s vector vi and its neighbors’
vectors vj :

dij = ∥vi − vj∥2, ∀pj ∈ N (pi) (8)

3. Divergence Thresholding: We define the local divergence score δi as the
maximum distance in the tangent space among the neighbors. Points with
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a divergence score exceeding a threshold τ (default τ = 0.5) are considered
ambiguous and are masked out during training.

This criterion effectively filters out points where small changes in surface
position correspond to large jumps in the tangent vector space, which is charac-
teristic of discontinuities across the cut locus.

F Log Map Stitching Algorithm

To extend the logarithmic map beyond a small local radius, we use a chart stitch-
ing strategy based on weighted rigid alignment and confidence-aware blending.
The algorithm starts from one source vertex, computes a local log map in a
bounded radius, and then propagates to new centers in a BFS manner. At each
center, we only keep points inside the local radius, so each chart is constrained
to a region where the local parameterization is more reliable.

Since local log maps become less stable near patch boundaries, we assign
higher confidence to points near the chart center and lower confidence to periph-
eral points. For a point with normalized radial distance dx in the current chart,
we use:

wlocal(x) =
(
max(0, 1− d2x)

)2 (9)

where dx is normalized by the local radius. This smooth falloff is used consistently
in both alignment and blending, which makes the procedure robust to noisy local
predictions.

When a chart has at least 3 vertices overlapping with the current global
atlas, we estimate a 2D rigid transform for it using the Kabsch-Umeyama algo-
rithm to align it to the current global atlas. After alignment, transformed local
coordinates are merged into the atlas.

Chart expansion also follows confidence-aware heuristics. New BFS centers
are selected from a boundary shell of the current chart (normalized radius
roughly between 0.75 and 0.95), which encourages outward coverage while main-
taining overlap. To avoid redundant expansion, candidates are distributed by
angular bins in local 2D coordinates and then prioritized by distance from the
original source; in each expansion round we add a small set of centers and con-
tinue until the preset depth is reached. In practice, this gives a good balance
between coverage and numerical stability.

F.1 Retraction Properties

To verify the local behavior of our learned exponential and logarithmic maps,
we evaluate four simple diagnostics at each source point x ∈ M. They test two
expected properties: first, the maps should be correctly anchored at the base
point, namely Expx(0) = x and Logx(x) = 0; second, their first-order behavior
should be close to the identity:

d(Expx)0 ≈ I, d(Logx)x ≈ I. (10)
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Table 4: Local zero-point and differential consistency checks for our method. Lower
is better for all metrics.

Method Exp Zero ↓ Exp Differential Error ↓ Log Zero ↓ Log Differential Error ↓

Ours 0.002 0.133 0.004 0.149

Here, Expx : TxM → M denotes the learned exponential map centered at x, and
Logx : M → TxM denotes the learned logarithmic map. For evaluation only, we
introduce a local 2D coordinate system around the source point and represent
the differentials of both maps in these coordinates. In this setting, d(Expx)0 and
d(Logx)x are 2× 2 matrices, and I denotes the 2× 2 identity matrix. We report:
Zero-Point Errors.. We first measure the errors of the two maps at the base
point:

EExp,0 = ∥Expx(0)− x∥, ELog,0 = ∥Logx(x)∥. (11)

These two quantities test whether the learned maps send the tangent origin and
the source point to each other as expected.
Differential Errors.. We then evaluate how far the first-order behavior of the
two maps is from the identity:

EExp,d = ∥d(Expx)0 − I∥F , ELog,d = ∥d(Logx)x − I∥F , (12)

where ∥·∥F denotes the Frobenius norm. Smaller values indicate that the learned
maps behave more like the ideal first-order identity in a local neighborhood of
the source point.

Table 4 reports the corresponding results for our method. Both zero-point
errors are very small, indicating accurate anchoring at the source point, while
the differential errors are also small, suggesting that the learned maps remain
close to the ideal first-order identity behavior.

G Additional Ablation Study

To further analyze the impact of architectural design, we compare different
backbone-decoder combinations under the same training and evaluation proto-
col, as in Tab. 5. We keep the loss terms unchanged, and only replace the network
architecture. As shown in the table, our full model with an octree backbone and
triplane decoding achieves the best performance in our setting.

H Failure Cases

Similar to previous Heat-based methods, our approach also struggles on thin
articulated structures, as shown in Fig. 10. A representative failure case occurs
around wrists, fingers, and other slender parts with rapidly changing local ge-
ometry. In these regions, nearby surface patches can be very close in Euclidean
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Table 5: Ablation Study on Network Architecture. We compare different
backbone-decoder combinations.

Architecture EMDD (Log) Eθ (Log) EExp (Exp)

OCNN + TriPlane 0.11 11.1 0.026
PointNet + TriPlane 0.31 29.2 0.056
OCNN + SIREN 0.13 14.3 0.031

Fig. 10: Failure case on a thin articulated region. With the source point placed near
the wrist, the predicted local map becomes less stable across the wrist-hand transition,
where nearby surface regions are close in Euclidean space but have different intrinsic
geodesic behavior.

space while still having different intrinsic behaviors, making the local mapping
more ambiguous. This difficulty is further amplified in our setting because the
network takes only point clouds as input and therefore has no explicit connec-
tivity information to disambiguate such thin-structure cases.
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